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Generators of the ring of weakly holomorphic modular 

functions for ri(Af) 

Ja Kyung Koo and Dong Sung Yoon 


Abstract 

For a positive integer N divisible by 4, 5,6, 7 or 9, let Oi,Af(Q) be the ring of 
weakly holomorphic modular functions for the congruence subgroup ri(N) with 
rational Fourier coefficients. We present explicit generators of the ring Oi,Ar(Q) 
over Q by making use of modular units which have infinite product expansions. 
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1 Introduction 

Let r be a congruence subgroup of SL2(Z). A meromorphic modular function for F is 
called a weakly holomorphic if its poles (if any) are supported only at the cusps of F. For 

2010 Mathematics Subject Classification. 11F03 (primary), llFll, 11G16 (secondary). 

Key words and phrases, modular functions, modular units 
The second named author was supported by the National Institute for Mathematical Sciences, 
Republic of Korea. 


1 





a positive integer N, let 


r(iv) = 

ri(Af) = 

r‘(iv) = 


a b 
c d 

a b 
c d 

a b 
c d 


e SL2(Z) 
e SL2(Z) 
e SL2(Z) 


(mod N) j , 
(mod N) \ , 
(mod N) 


By definition, we have F D T{N) for some positive integer N. Furthermore, one can check 
that 


N 0 
0 1 


-1 


r(iv) 


N 0 
0 1 


D ri(Ar2). 


Hence if /(r) is a modular function for r(iV), then /(iVr) is a modular function for 
ri(iV^). Here we note that the Fourier coefficients of /(iVr) coincide with those of /(r). 
Therefore, the study of modular functions with respect to congruence subgroups is reduced 
to that of modular functions for Fi(iV). 

n 


For a rational vector r = 


r2 


\ we define the Siegel function grij) on the 


complex upper half plane El by the following infinite product expansion 

(1.1) ^r(r) = 


— _n^^2{ri) ^Trir2{ri-l) 


(1 _^rig2uir2)]^(l 
n=l 


72+ri 2'Kir2 > 


’'"e"''"")(l — q'" ’"e 


n—ri —2 'kit2 ^ 


where B 2 (X) = —X + 1/6 is the second Bernoulli polynomial and q = As is well 

known (0 or [5l p.36]), it is a modular unit, that is, both zeros and poles are supported 
at the cusps of certain congruence subgroup. 

Now, let Oi,Ar(Q) (resp. (9)y(Q)) be the ring of weakly holomorphic modular functions 
for Fi(X) (resp. F^(X)) with rational Fourier coefficients. When X = 0 (mod 4), Eum 
et al ([2]) recently constructed explicit generators of Olf{Q) by means of Siegel functions 
and classify all Fricke families of such level N, which will be defined in l|6l 

In this paper we shall investigate how to generate the ring Oi^Ar(Q) for arbitrary N 
by improving their idea. We first construct generators of Oi,Ar(Q) over Q for 1 < X < 10 
and X = 12 by utilizing Siegel functions fTheorem 14.51) . And, for given positive integers 
m > 3 and X divisible by m we will further present a primitive generator of Oi,Ar(Q) over 
C^i,m(Q), which is a Weierstrass unit (Theorem 15.21) . from which we are able to determine 
generators of the ring (!li,Ar(Q) over Q when X is divisible by 4, 5, 6, 7 or 9 (Corollary 15.31) . 
Lastly, as byproduct, we can classify all Fricke families of such level X iTheorem 16.2p . 
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Notation 1.1. The transpose of a matrix a is denoted by If i? is a ring with 
unity, stands for the group of all invertible elements of R. For a positive integer N, 
let Cn = be a primitive iV-th root of unity. 


2 Galois actions of modular function fields 


In this section we shall describe the action of Galois groups between modular function 
helds. 

For a positive integer N, let Rn be the held of meromorphic modular functions for 
F(A^) whose Fourier coefficients lie in the iVth cyclotomic held Q(Cw)- 

Proposition 2.1. is a Galois extension of R\ and 

Gal(JGv/J^i) = GL2(Z/iVZ)/{±/2} = Gn ■ SL2(Z/iVZ)/{±/2}, 


where 


Gn = 


1 0 
0 d 


d e {Z/Nzy 


More precisely, GL 2 (Z/iVZ)/{±/ 2 } acts on R^ as follows: 


(i) The element 


1 

0 


0 

d 


G Gm acts on h E R^ by 


Hr) = 5^ 5^ C,"''", 

n^—oo n'^—oo 

where X]n>-cx) is the Fourier expansion ofh and G Gal(Q(Cv)/Q) satisfies 

/-^d _ Ad 

hn — hn- 

(ii) The element 7 G SL 2 (Zi/iVZ)/{±J 2 } acts on h E Rn by 

K^V = (^°7)(^), 

wherej is a preimage of j of the reduction map SL 2 (Z,) -E SL 2 (Z,/iVZ)/{±J 2 }. 


Proof. P Ghapter 6 , Theorem 3]. □ 

In a similar fashion as Proposition 12.11 (i), an element a E Gal(Qab/Q) induces an 
element of Gal(J^ 7 v/-^i) by applying a to the Fourier coefficients. For h E Rn, we denote 
by h^ the image of h under this automorphism. 
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3 Fricke functions and Siegel functions 


For a lattice L in C, we let 

g 2 {L) = 60 gs{L) = U0 Y A{L) = g^ilf - 27g,{Lf. 

ujeL\{0} tJGL\{0} 

And, we define the Weierstrass p-function (relative to L) and the j -invariant by 


p{z]L) = 


j(r) = 1728 


t*;G-L\{0} 

92{t) 


[z — (jjY Uj"^ 


(zeC), 


A(r) 


r G 


where 5 ' 2 ('r) = 5 ' 2 (['r, 1]), 5 ' 3 ('r) = 5 ' 3 ([r, 1]) and A(r) = A([r, 1]). For a rational vector 


r = 


ri 

r2 


\ the Fricke function is dehned by 


Mr) = - 2^3 


7g5^2(r)^3(r) 


A(r) 


p(rir + r 2 ;[r, 1]) (r G 


Then Q[j(r)] is the ring of weakly holomorphic functions in iFi and we have 


JTv = 


Q(j(r)) if iV = 1 

Q(iM,/r(r):r6iZ"\Z") it iV > 1 


(0 Chapter 5, Theorem 2 and Chapter 6, §3]). 

Proposition 3.1. Let N (> 1) be an integer and r g (l/iV)Z^ \ Z^. 

(i) /r(T) is weakly holomorphic and depends only on ±r (mod 1?). 

(ii) Fora G GL 2 (Z/iVZ)/{±/ 2 } we obtain 


fv{T)° = ftarir). 


Proof. P Chapter 6, §2-§3] □ 

The following two propositions describe the modularity criterion for Siegel functions 
and the relation between Fricke functions and Siegel functions. 

Proposition 3.2. Let N (> 1) be an integer and {m(r)}^^|-rijgj_g 2 \g 2 be a family of 
integers such that m(r) = 0 except for finitely many r. 
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(i) = 0 (mod 12), then for ■j G SL 2 (Z) we get 


n9r(rr‘'''o7 = n»v(T)’""'’' 


(ii) A finite product of Siegel functions 

cHgArr^'’ 

r 

belongs to if 

^m(r)(Arri)2 = E m(r)(A^r 2 )^ = 0 (mod gcd(2, iV) • A^), 

r r 

m(r) {Nri){Nr 2 ) = 0 (mod N), 

r 

^m(r) • gcd(12, iV) = 0 (mod 12). 

r 

Here, 

r 

Proof. See [U Proposition 2.4], [5l Chapter 3, Theorem 5.2 and 5.3] (or [8]). □ 

Proposition 3.3. Let r, s e \ Z^. 

(i) /r(T) = /s(t) if and only if r = ±s (mod Z^). 

(ii) If r ^ ±s (mod if), then we obtain 

f f _ o7o5^2(r)^3(r)h(^)^ ^r+s(r)^r-s(r) 

Jr{i) JsOj A f \ ' 

A(r) 9r{TygA^r 

where 

OO 

r]{T) = 

n=l 

is the Dedekind g-function which is a 2Ath root o/A(r). 

Proof. See P Lemma 10.4], P p.51]. 

□ 

Remark 3.4. Let N (> 1) be an integer and r, s, r', s' G (l/iV)Z^ \ 1? such that 
r ^ ±s (mod 7?) and r' ^ ±s' (mod Z^). Then the function 

/r('r) - /s(r) ^ ^r+s(r)^r-s(r) _ 9v'{rf9s'{Tf 

fr'{r) - fifir) 9r{Ty9s{Ty 9r'+s'{r)gr>-s'{T) 

becomes a modular unit in Hn by Proposition l3.2l and l3.3h iiL which is called a Weierstrass 
unit of level N. 
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Ring of weakly holomorphic modular functions for 

ri(iv) 


For a positive integer N, let 


Xi(7V) = ri(iv)\e* 

X\N) = T\N)\m*, 

where H* = E[UQU{ioo}. Observe that r^(iV) and ri(iV) are conjngate in SL 2 


, that 


IS, 


(4.1) 

where ujn = 


l/y/N 0 ' 
0 y/N 


ujnT\N)uj]^^ = ri(iV) 

Hence one can readily show that the map 


(4.2) 


(resp. 


Xi{N) —^ X\N) 

z I —y = Nz 

is a well-defined isomorphism between two modular curves. Now, let 

be the field of meromorphic modular functions for ri(iV) (resp. r^(iV)) with 
rational Fourier coefficients. It then follows from fl4.ip that the map 

i,vi 

/i(r) I —> {h o (jJn){t) = h{T/N) 

is an isomorphism. Furthermore the map fl4.3l) gives rise to a ring isomorphism 
(4.4) Oi.a-(Q) ^ O]^ 


(4.3) 


TTl 

•'N 


Proposition 4.1. The genus of Xi{N) is zero if and only if 1 < N < 10 or N = 12. 
In this case, two sets of inequivalent cusps of Xi{N) and X^{N) are as follows: 


N 

inequivalent cusps of Xi(A^) 

inequivalent cusps of X^(iV) 

1 

{fcx)} 

{icx)} 

2 

{0,ioo} 

{0, icx)} 

3 

{0,ioo} 

{0, icx)} 

4 

{0,|,foo} 

{0, 2, icxo} 

5 

{0, |,|,ioo} 

{0,|,2,icx)} 

6 

{0, |,i,icx)} 

{0, 3, 2, zcxo} 

7 


{0,|,|,2,3,zcx)} 

8 

{0) 2’ 3’ 4’ 8’ 

{0,4, |,2,3,icx)} 

9 

10 1 ^ 2 1 2 4 • 1 

f ’ 2’3’3’4’9’9’ 

{0,|,3,6,|,2,4,zc5o} 

10 

fO ^ ^ ^ ^ 2 ^ ioo\ 

2’ 3’ 4’ 5’ 5’ 10’ J 

{0,5,f ,|, 2,4,3, ioo} 

12 

iO ^ ^ 2 ^ ^ ^ ^ ® iool 

1^’ 2’ 3’ 3’ 4’ 4’ 5’ 6’ 12’ ''^1 

{0,6,4,8,3,9,f,2,5,*cx)} 
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Proof. It is immediate from [3] and fl4.2p . 


□ 


From now on, we assume that 2 < iV < 10 or = 12. Let (?i,Ar(T) be the generator 
of the function held C{Xi(N)) in the table ([U Table 2]): 



And, let fi'jv(T) = gi^j^ir/N) be the function on the modular curve X^(iV) induced from 
Observe that 5'i,v('r) has rational Fourier coefficients, and so it belongs to -Fi,v(Q) 
([H Theorem 6.7]). 

Lemma 4.2. Let N he as above. Then we have 


— Q(5'i,w('r)), 

n(Q) = Q(^?v(r)). 

Proof. If C(Xi(A^)) = C(5') for some subset S C then -Fi,Af(Q) = Q(*S') 

([H Lemma 4.1]). Therefore, the lemma follows from fl4.3p . 

□ 

We shall hrst hnd generators of (Tjv(Q) in the above case. Since the genus of X^{N) 
is zero by Proposition 14.11 and fl4.2l) . the map 

X\N) pi(C) 

r ^ KW:ll 

turns out to be an isomorphism between two compact Riemann surfaces ([U Theorem 
6.5]). Note that gj^{ioo) = oo ([H Table 3]). Let tq be an inequivalent cusp of X^(iV) 
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other than ioo. Then there exists 7 G SL 2 (Z,) snch that tq = 7 (^ 00 ) and we attain 


^^(ro) = lim (^]^o 7 )(r). 


Since the function gj^ir) satisfies the assumption of Proposition 13.21 (i), one can estimate 
the value gj^iro) in a concrete way. For example, if iV = 5 and tq = b/2, then we derive 


gli.ro) = lim {gl o [n])(r) = lim 




by Proposition 13.21 (i) 


T^ioo 1 j (r)® 

^13/12^1(1 ^-4) X 5 


T^ioo\ gl/12('l _ 2^ 

= -2-10(C5 + C5-')-5(C5+C5-')- 

Now, let 

Cn = { 5 'Ar(To) I Tq G {inequivaleut cusps of P^(A^) except ioo}}. 
Then one can readily get the following table: 


by dni) 


N 

Cn 

2 

{0} 

3 

{0} 

4 

{ 16 , 0 } 

5 

{-2 - 6(C5 + c') - 10(Cl + ff"), -2 - 10 (& + Cs"') - 5(Cl + ff"), 0} 

6 

{8,-1,0} 

7 

(4 + 3(^7 + C7 ^) + C? + C7 4 + ^7 + C7 ^ + 3(^7 + C7 4 + 3(^7 + C7 ^) + C7 + C7 i-5 0 } 

8 

(3 + 2{(s + Cs “ 1 ; 3 — 2{(s + (g ^), 1, 0} 

9 

{2 + 2(^9 + C9 ^) + C9 + C9 2 + Cg + (^g ^ + 2(^9 + C9 “Csi —(3’ 

2 + 2(C9 + C9 ^) + Cg + C9 1 ) 0 } 

10 

{2 + Cio + Cio^ + Cs + Cs Cl + C5 2 + + Cl + C5 Cs + C5 1 ) “ 1 ; 0 } 

12 

(1 + C12 + Cl2^ + Ce + Ce h “Cs; “Cl) i- “ (C12 + Cl2^) “ (Cs + C3 ^)) 1 ; 0 } 


The ordering in the set Cn corresponds to that of the set of inequivalent cusps of X^{N) 
in Proposition 14.11 Note that Cn C. Qab by (II.Ih . where Qab is the maximal abelian 
extension of Q. 


Lemma 4.3. Let cE Cn and a G Gal(Qab/Q)- Then C G Cn- 

Proof. Since Xi c C Jbv, h follow from Proposition 12.II that Jbv is a Galois 

extension of whose Galois group is 

(4.6) Gal(J-Ar/J-^(Q)) = Gat • i 7 e SL 2 (Z/iVZ)/{±/ 2 } | 7 = 






























Observe that c = lim o 7 )(r) for some 7 G SL 2 (Z), and hence we achieve by Propo- 

r—>-ioo 

sition 13.21 (i) and (II.Ih 

c'" = ( lim {gif o 7 )(r)) = lim o 7 )'"(r). 

\r—>-2CX) / T—>-200 

Since o 7 )°' is a conjugate of gjf over J^i and glj is Gjv-invariant by (14.61) . we see from 
Proposition 12.11 that 

(f/v ° = f/v ° y 

for some 7 ' G SL 2 (Z). Therefore, G C^- □ 

Lemma 4.4. Let c G C. Then glfir) — c has neither zeros nor poles on El if and only 
ifce Cn. 

Proof. It is immediate from the isomorphism fl4.5p . □ 

For each c G Oat, we let fN,c{x) G Q[a:] be the minimal polynomial of c over Q. 
Theorem 4.5. Let N he an integer such that 2 < N < 10 or N = 12. Then we have 

Oi,n{Q) = Q[ 5 'i,v('r),/v,c( 5 'i,v('r)) 

C»w(Q) = QyA(y,/iv,c(^w(y)”^]cgc^- 
More precisely, we attain 


01 , 2 ( 0 ) = Q[fi'i,2(T),fi'i,2(r)"^] 

Oi, 3(Q) = Q[5'i,3(r),5'i,3(r)"^] 

Oi, 4(Q) = Qyi,4(r),5(i,4(r)"\ (5(i,4(r) - 16)“^] 

Oi,5(q) = Q[5'i,5(y,5'i,5(y"\ (5'i,5('r)^ - iifi'i,5(y -1)"^] 

Oi, 6(Q) = Qyi,6(r),c/i,6(r)"\ (c/i,6(r) - 8)“\ (^i,6(r) + 1)“^] 

Oi,7(Q) = Q[gi,7{T),gij{T)~^, (guir) - 1)“\ {gijirf - Sguirf + 5gij{T) + 1)"^] 

Oi, 8 (Q) = Q[gi, 8 {r),gp 8 {^)~^^ igi,s{r) + 1 )"S (^i, 8 (y - 1 )“\ (^1,8(^)^ - 6^1,8(^) + 1)”^] 

Oi, 9 (Q) = Qyi, 9 (r), c/i, 9 (r)"\ (c/i, 9 (r) - 1 )"\ (^i, 9 (r)^ - ^i, 9 (r) + 1 )"\ 

{giA'^f - + ^giAr) + 1)”^] 

Oi,io(Q) = Q[5'i,io('r), fi'i,io('r) (5'i,io('r) + 1) (s'!, 10 ('?') —1) (fi'i,io('r)^ + fi'i,io('r) — 1) 

(c/i,io(r)^ - 4c/i,io(r) - 1)“^] 

Oi,i 2(Q) = Qyi,i2(r),^i,i2(r)"\ (^i,i2(r) + 1)"\ (^i,i2(r) - 1)"\ (^i,i2(r)^ + 1)"\ 

(^i,i2(r)^ - ^i,i2(r) + 1)"\ (^i,i2(r)^ - 4^i,i2(r) + 1)”^]. 
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Proof. Since every zero of fN,c{x) lies in the set Cn by Lemma H73l /Ar,c( 5 ' 7 v('^)) ^ 

modular unit in J'^(Q) by LemmalOl This shows that OJv(Q) ^ Q[ 5 f^(r), fN,ci9Ni'^))~^]ceCN' 
Conversely, let /i(r) G (P]y(Q). By Lemma 14.21 we can write 


h(r) 


Qighi^)) 


for some polynomials P{x),Q{x) G Q[x] which are relatively prime. Suppose that Q{x) 
has a zero Cq G Q \ C^, where Q is the algebraic closure of Q. From Lemma 14.41 we 
see that ghiro) — cq = 0 for some tq G H, which yields Q((?Af('^o)) = 0. Since P{x) is 
not divisible by x — Cq in Q(x), we have P{glf{To)) 7 ^ 0. It gives a contradiction because 
h(r) is weakly holomorphic. Thus any zero of Q{x) belongs to C^. Since Q{x) G Q{x), 
we derive that Q{x) has a zero c G Cat if and only if fN,c{.x) \ Q(x). Therefore, we get 
OjviQ) P QlgJviT'), fjv,c(gN(T))~^]ceCN- theorem by (El). 

□ 


5 Generators of (9i,Ar(Q) 


In this section, we shall construct generators of the ring (Pi^ 7 v(Q) over Q when N is 
divisible by 4, 5, 6 , 7 or 9. 

Lemma 5.1. Let m (> 1) be an integer. 

t) G k eZ\ mZ. 


(i) f ^k/m 


(ii) J^m) = 


Proof. By Proposition 13.11 we are certain that / 


[‘t 


(r) is weakly holomorphic and 


invariant under the action of Gm- Hence it has rational Fourier coefficients by Proposition 

a b 


o Furthermore, for 7 = 


c d 


G F^(m) we deduce by Proposition 12.11 and 13.11 that 


since a = 1 (mod m) and 6 = 0 (mod m). Thus /[fc/m]('r) is modular for F^(m), which 
proves (i). 

By (i) we have J'i(/ri/mi (r)) C 


/[i/m]('r) is Gm-invariant, a is represented by = 


Let a G Gal(J'm/ J'i(/^i/^j (r))). Since 
G SL 2 (Z/mZ)/{±/ 2 }. Then 


c d 
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we get 


(5.1) 





M- 


Therefore, we achieve a = d = ±\ (mod m) and 5 = 0 (mod m) by Proposition 13.31 (i), 
which yields -P'i(/ri/mi (t)) ^ 114.6p . This completes the proof. 


For integers m > 3 and N > m such that iV = 0 (mod m), let 

f\i/N]{r) - 

fl (^\ = 1 0 1 _ 1 0 1 

^ /[2/^](r)-/[i/^](r)- 

Note that /|■ 2 /mj ('?’) ^ /j'l/mj {t) by Proposition 13.31 (i). It then follows from Remark [T4l 
and Lemma [ST] that /m,Ar('^) ^ modular unit in 0)(r(Q). 

Theorem 5.2. Let m > 3 and N (> m) be integers such that iV = 0 (mod m). Then 
we have 


0..«(Q) = 0..™(Q)[/i„(iVT)] 

ot(Q) = opQ)[/iivW]. 

Prooe. It suffices to prove the last assertion by the isomorphism fl4.4p . Clearly, 

Ot(Q) 3 Oi.(Q) 

As for the converse inclusion, let h(r) G (T)y(Q). We see from Lemma [5.11 that 


-^^(Q) = -^i(/[i/w](r)) = -P-^(Q)(/^,^(r)). 

Thus h = h{T) can be written as 

d-l 

(5.2) h = J2c^f 

i=0 

where / = d = [J'^(Q) : ^^(Q)] and q G J'^(Q) for every i. By multiplying 

both sides of (15.21) by for each j = 0,1,..., d—1 and taking the trace Tr = Trj'^('Q)/_ 7 r^(Q), 
we obtain a linear system 


■ Tr(l) Tr(/) ■ 

Tr(/) Trip) ■ 

.. Tiip-^y 
• Tr(/'^) 


Co 

Cl 


Tr(h) 

Tr(/h) 

jrip-i) Trip) ■ 

.. Trip^-^)_ 


^d—1 


Tr(/'^-^h) 
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For simplicity, put 


Tr(l) Tr(/) ■■■ Tr(/'^-i) 

Tr(/) Tr(/2) ... Tr(/'^) 

Tr(/<i-i) Tr(/'^) ... 

Since f,h & we attain c* G det(T)“^C>,'„(Q) for i = 0,1,..., d — 1. Now, let 

/i,/ 2 ,...,/d be the Galois conjugates of / over Then, by the Vandermonde 

determinant formula, we get 


det(T) 


E d fO f 1 ... S^d, rd-1 

k=l J k 2-^k=l J k Z-^k=l J k 

E d rl r 2 ... rd 

k=l J k / ^k—1 ^ k / ^k—1 k 


E d rd—1 rd r2d—2 

k=l Jk 2-^k=l Jk 2-^k=l J k 


/? /2° ■ 

• Pd 


P 

P ■■ 

pd—1 

Jl 

n fi ■ 

• fl 


P 

P •• 

pd—1 

J2 

rd—l pd—1 

Jl J2 

pd—1 

‘ Jd 


Pd 

/] 

pd—1 

Jd 


n (/i-/T 

l<2<_7<d 


It follows from Proposition 13.31 Lemma 15.11 and fl5.ip that each /, — fj is of the form 


f 

'a/N' 

b/N 

1 

1 

P 

'c/N' 

d/N 

1 

P 

E 

vp 

1 

p 

'a/N' 

b/N 

P) - f 

'c/N' 

d/N 

P) 

/^2/mj (l) - (l) 2/m j (t) - /^ 1/m j (l) / 

2/m 
. 0 . 

P) - 


for some a,b,c,d G Z such that 


a/N 

b/N 


^ ± 


c/N 

d/N 


(mod Z^) and gcd(a, 6, N) = 


gcd{c,d, N) = 1. Hence det(T) is a modular unit in C>,^(Q) by Remark 13.41 and so 
Ci G C>m(Q) for every i. Therefore, h(r) G C>,'„(Q) [/^ jv(r)] as desired. □ 


Corollary 5.3. Let N be a positive integer. 


(i) If N > 4 and iV = 0 (mod 4), then we have 

C»v(Q) = Q[9l{'r),9l{r)~\{9l{T)-lQ)~\flNi'r)]- 


(ii) If N > 5 and N = 0 (mod 5), then we have 

Oi,n{Q) = Q[^i,5(r),^i,5(r)"\ (^i,5(r)^ - ll^i,5(r) - 1)~^, fl^iNr)] 
C»v(Q) = Q[^5W,f/5 idlirf - ll9l{r) - l)~\ flA'^)]. 
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(iii) If N > 6 and N = 0 (mod 6), then we have 


C’i,7v(Q) = Q[^i,6(r),^i,6(r) \(^i,6(r)-8) \ (^i,6(r) + 1) 

C»]v(Q) = Q[9l{'r),gl{T)-\{gl{T)-S)-\{gl{T) + l)-\fl^{T)]. 

(iv) If N > 7 and N = 0 (mod 7), then we have 

Oi,n{Q) = Q[9ij{T),gi,7{r)~\ {gijir) - 1)"\ {guirf - Sgijirf + 5gij{T) + 1)“\ 

fUNr)] 

C»]v(Q) = Qigjir), gj{T)-\ {g]{T) - l)-\ {glirf - Sglirf + bglir) + l)-\ f^^^ir)]. 

(v) If N > 9 and N = 0 (mod 9), then we have 

Oi,n{Q) = Q[^i,9(r),^i,9(r)"\ (^i,9(r) - 1)“\ {gi,9{rf - ^i,9(r) + 1)"\ 

{9i,9{rf - Qgi,9{rf + 3^i,9(r) + 1)“\ 

OjvW) = Qb9(^)>^9(^)■^(^9(^)-l)■^(^9(^)^-^9(^) + l)■^ 
i.9l{.rf - 6c/g(r)2 + ?,gl{T) + l)-\ ^^(r)]. 

Proof. It is immediate from Theorem 14.51 and 15.21 □ 

Remark 5.4. In order to construct Oi,Ar(Q) for arbitrary iV, it suffices to find gener¬ 
ators of the ring (Pi^p(Q) for an odd prime p > 11. 

6 Pricke families of level N 

For an integer N (> 1), let 

IZn = {r e I r has the primitive denominator N}. 

A family {hr(r)}re 7 e^ of functions in is called a Fricke family of level N if it satishes 
the following conditions: 

(i) Each hi.(r) is weakly holomorphic. 

(ii) hr(r) depends only on ±r (mod Z^). 

(iii) hr(r)“ = ht„r('r) for all a G GL 2 (Z/VZ)/{±J 2 }. 
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Note that the set of Fricke functions {/r('r)}rG 7 ejv ^ Fricke family of level N by Proposi¬ 
tion [SHl In this section, by Fr(iV) we mean the set of all Fricke families of level N. Then 
one can endow this set the natural ring structure: 

{hr{T)}reTlN + {kr{T)}renN = {(^r + ^r) (t) 

{hr(T)}rg 7 j^ • {(t)} rg 7 j^ {(hr^r) }re 7 ?.Ar• 

Eum et al ([2]) classify all Fricke families of level N when iV = 0 (mod 4) by using the 
relation between Fr(A^) and (P](r(Q) as follows: 

Proposition 6.1. For an integer N > 1, the map 

Fr(iV) ^ (P^(Q) 

{hr(r)}re7e;v '—^ ^[i/Nj(r) 

is a well-defined ring isomorphism. 

Proof. [21 Theorem 4.3]. □ 

Theorem 6.2. Let N > 1 be a positive integer. Then a family {hj.{T)}r£-RN o//unc¬ 
tions in Is a Fricke family of level N if and only if the following condition holds: 

(i) When N = Q (mod 4), there exists a polynomial P{xi,X 2 ,X 3 ,X 4 ) G Q[a;i, 0 : 2 , X 3 , 0 : 4 ] 
such that 

hfir) = P(0r(r), 0r(r)"\ (0r(r) - 16)“\ fr(r)) 

for all r G TZn, where 

^ 9{N/2)fiTf ^ fr{T) - fiN/A)r{T) 

0r(n) — / xg nna fr(T) — „ / x „ / x- 

9{N/4)r{TF f{N/2)r{T) — f(N/A)r{T) 

(ii) PThen = 0 (mod 5), there exists a polynomial P{xi,X 2 ,X 3 ,X 4 ) G Q[a;i, 0 : 2 , X 3 , 0 : 4 ] 
such that 


hr(r) = P( 0 r(r), 0 r(T) \ (flr(p)^ “ 1 l 0 r(p) “ 1 ) \ fr(r)) 

for all r G Pn, where 

fr{T) - fiN/5)r{T) 


9{N/5)r{Ty 


/(2Af/5)r (t) — f{N/5)r 


.T 


(hi) lk 7 ienA^ = 0 (mod 6), there exists a polynomialP{xi,X2,X3,X4,X5) G Q[a:i, 0:2,0:3,0:4,0:5] 
such that 

hr{r) = P(flr(r), 0r(T)”\ (0r(r) “ 8)"\ (gr(T) + l)~\ fr(r)) 

for all r G Pn, where 

„ l^\ _ 9{N/2)r{T~Y _, £ _ fri'T) ~ f{N/G)r{T) 

0r(T) — ^ Tr(^) ~ 


9{N/G)r 


[T 


/(V/3)r('r) - f(N/6)r{T) 
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(iv) WhenN = 0 (mod 7 ), there exists a polynomial P{xi,x 2 ,x^,x^,x^) G Q[a:i, 0:2, X3, X4,0:5] 
such that 

K{t) = P(0r(r), Qr{r)~\ (flr(r) - 1)"\ (0r(r)^ - 80 r(r )2 + 50r(r) + 1)"\ fr(r)) 

for all r G TZn, where 

t,,(T) ^ /rW-/w7),W 


9{N/7)r\r) 


/(2Af/7)r ('t) - f{N/ 7 )r{r) 


(v) VF7ien7V = 0 (mod 9), there exists a polynomialP{xi,X 2 ,X 5 ,Xi,x^,XQ) G Q[a;i, X 2 , X 3 , a; 4 , xs, xe] 
such that 

K{r) = P(0r(r),0r(r)-^(0r(r)-l)-^(0r(r)2-5r(^-) + l)■^ 

(0r(r)3 - 60r(r)2 + 30r(r) + l)-^ fr(r)) 

for all r G Pn, where 

SAr) ^ and ^r) = /-M " 


9 {N/ 9 )r\T) 


/(2iV/9)r (t") — f{N/9)r{T) 


Proof. For r = 


a/N 

b/N 


G Pn, we can take a-c = 


a b 
c d 


G SL2(Z/iVZ) with CjdE'Z. 


For each m = 4,5,6, 7 and 9, if > m and iV = 0 (mod m), then we achieve by 
Proposition 13.21 (i) that 


dLirT’^ = 0r(r) 

Here we note that fr(F) = 0 if = m. Then the theorem is an immediate consequence 
of Theorem 14.51 Corollary 15.31 and Proposition 16.11 

□ 


References 

[ 1 ] D. A. Cox, Primes of the Form + ny‘^: Fermat, Class Field, and Complex Mul¬ 
tiplication, A Wiley-Interscience Publication, John Wiley & Sons, Inc., New York, 
1989. 

[2] I. S. Eum, J. K. Koo and D. H. Shin, Determination of the Fricke families, 
arXiv: 1501.04193, 2015. 


15 















[3] K. Harada, “Moonshine” of Finite Groups, EMS Series of Lectures in Mathematics, 
European Mathematical Society (EMS), Zurich, 2010. 

[4] J. K. Koo and D. H. Shin, On some arithmetic properties of Siegel functions, Math. 
Z. 264 (2010), 137-177. 

[5] D. Kubert and S. Lang, Modular Units, Grundlehren der mathematischen Wis- 
senschaften 244, Spinger-Verlag, New York-Berlin, 1981. 

[6] S. Lang, Elliptic Functions, 2nd ed., Spinger-Verlag, New York, 1987. 

[7] C. L. Siegel, Lectures on advanced analytic number theory, Tata Institute of Fun¬ 
damental Research Lectures on Mathematics, 23, Tata Institute of Fundamental 
Research, Bombay, 1965. 

[8] Y. Yang, Transformation formulas for generalized Dedekind eta functions. Bull. Lon¬ 
don Math. Soc. 36 (2004), 671-682. 


Ja Kyung Koo 

Department of Mathematical Sciences 
KAIST 

Daejeon 305-701 
Republic of Korea 

E-mail address: jkkoo@math.kaist.ac.kr 


Dong Sung Yoon 

National Institute for Mathematical 

Sciences 

Daejeon 305-811 

Republic of Korea 

E-mail address: dsyoon@nims.re.kr 


16 


